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In this paper, by extending the method of guiding functions, we give suﬃcient conditions
for the existence of solutions to the problem
u′′ ∈ Q (u), u(0) = u(1) = 0, (1.1)
where Q is a multivalued map whose values are not necessarily convex. It is shown how
abstract results can be applied to study feedback control systems and to describe a motion
of a particle in a 1-D potential.
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1. Introduction
Various aspects of the theory of second-order differential inclusions attract the attention of many researchers (see., e.g.,
[1–5,9,11,12,15,23]). In this paper we consider the boundary value problem of the form (1.1) for second-order differential
inclusions which arises naturally from some physical and control problems. An appropriate approach to study the existence
of solutions to problem (1.1) is the using of the ﬁxed point theory by the exploiting the fact that the set of solutions of (1.1)
coincides with the ﬁxed point set of the corresponding integral multioperator. However, this approach involves the necessity
to evaluate the topological degree of this multioperator which, in general, should be not an easy problem.
For the purposes of investigation of periodic solutions of the ﬁrst-order differential equations and inclusions, one of the
effective tools is the method of guiding functions developed by M.A. Krasnosel’skii, A.I. Perov and others (see, e.g., [20–22]).
The main idea of this method may be expressed by the fact that the topological degree of the integral multioperator
can be evaluated through the topological index of the special, “guiding” function of the equation or the inclusion under
consideration.
In this paper we extend this method to study problem (1.1). The paper is organized in the following way. In the next
section we recall some notions and notation from multivalued analysis. In Section 3, using a guiding function of the form
V (x) = δx, x ∈ R and δ > 0, we obtain the suﬃcient conditions for the existence of solutions to (1.1) in R. The result is
extended to the case of a general integral guiding function. In Section 4, we apply the abstract result to the investigation
of a boundary value problem for a system whose feedback law is expressed in the form of a differential inclusion. Another
application deals with a model of motion of a particle in a 1-D potential.
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dimensional Hilbert space. As an example, we consider a feedback control system governed by partial differential equation
and inclusion.
2. Preliminaries
Let X, Y be metric spaces. Denote by P (Y )[C(Y ), K (Y )] the collection of all nonempty [resp., nonempty closed, nonempty
compact] subsets of Y . For a Banach space E by symbols Cv(E) [K v(E)] we denote the collection of all nonempty convex
closed [resp., nonempty convex compact] subsets of E .
Deﬁnition 1. (See, e.g., [6,14,19].) A multivalued map (multimap) F : X → P (Y ) is said to be upper semicontinuous (u.s.c.) if
for every open subset V ⊂ Y the set
F−1+ (V ) =
{
x ∈ X: F (x) ⊂ V }
is open in X . A u.s.c. multimap F is said to be completely continuous, if it maps every bounded subset X1 ⊂ X into a
relatively compact subset F (X1) of Y .
For a multimap F : X → P (Y ), by Γ XF we denote its graph, i.e.,
Γ XF =
{
(x, y) ∈ X × Y : y ∈ F (x)}.
The multimap F is said to be closed if its graph is a closed subset of X × Y , while the metric in X × Y is deﬁned in a natural
way as
ρ
(
(x, y),
(
x′, y′
))= max{ρX(x, x′),ρY (y, y′)}.
Notice that a closed multimap F which is locally compact, i.e., each point x ∈ X has a neighborhood U (x) such that the set
F (U (x)) is relatively compact, is u.s.c.
A set M ∈ K (Y ) is said to be aspheric (or UV∞ , or ∞-proximally connected) (see, e.g., [14,24]), if for every ε > 0
there exists δ > 0 such that each continuous map σ : Sn → O δ(M), n = 0,1,2, . . . , can be extended to a continuous
map σ˜ : Bn+1 → O ε(M), where Sn = {x ∈ Rn+1: ‖x‖ = 1}, Bn+1 = {x ∈ Rn+1: ‖x‖  1}, and O δ(M) [O ε(M)] denotes the
δ-neighborhood [resp. ε-neighborhood] of the set M .
Deﬁnition 2. (See [17].) A nonempty compact space A is said to be an Rδ-set if it can be represented as the intersection of
a decreasing sequence of compact, contractible spaces.
Deﬁnition 3. (See [14].) A u.s.c. multimap Σ : X → K (Y ) is said to be a J -multimap (Σ ∈ J (X, Y )) if every value Σ(x),
x ∈ X , is an aspheric set.
Now let us recall (see, e.g., [7,14]) that a metric space X is called the absolute retract (the AR-space) [resp., the absolute
neighborhood retract (the ANR-space)] provided for each homeomorphism h taking it onto a closed subset of a metric space X ′ ,
the set h(X) is the retract of X ′ [resp., of its open neighborhood in X ′]. Notice that the class of ANR-spaces is broad enough:
in particular, a ﬁnite-dimensional compact set is the ANR-space if and only if it is locally contractible. In turn, it means that
compact polyhedrons and compact ﬁnite-dimensional manifolds are the ANR-spaces. The union of a ﬁnite number of convex
closed subsets in a normed space is also the ANR-space.
Proposition 1. (See [14].) Let Z be an ANR-space. In each of the following cases a u.s.c. multimap Σ : X → K (Z) is a J -multimap: for
each x ∈ X the value Σ(x) is
(a) a convex set;
(b) a contractible set;
(c) an Rδ-set;
(d) an AR-space.
In particular, every continuous map σ : X → Z is a J -multimap.
Deﬁnition 4. Let O ⊆ X . By C J (O, X) we will denote the collection of all multimaps F :O → K (X) that may be represented
in the form of composition F = f ◦ G , where G ∈ J (O, Y ) and f : Y → X is a continuous map. The composition f ◦ G will
be called the decomposition of F . We will denote F = ( f ◦ G).
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Now, let X be a Banach space and U ⊂ X be an open bounded subset and F = ( f ◦ G) ∈ C J (U , X) be a completely con-
tinuous multimap such that x /∈ F (x) for x ∈ ∂U . Then the topological degree deg(i− F ,U ) of the corresponding multivalued
vector ﬁeld (i − F )(x) = x − F (x) is well deﬁned and has all usual properties of the Leray–Shauder topological degree (see,
e.g., [14]).
3. The existence problem
Denote by C the space of all continuous functions C[0,1] and by L2 the space of all square-integrable functions L2[0,1].
For every u ∈ C and f ∈ L2 their corresponding norms are:
‖u‖C = max
t∈[0,1]
∣∣u(t)∣∣ and ‖ f ‖2 =
( 1∫
0
∣∣ f (s)∣∣2 ds) 12 .
The symbol 〈·,·〉 denotes the inner product in L2 and BC(0, R) denotes the ball in C of radius R centered at the origin. For
an integer k> 0 the Sobolev space Wk2[0,1] is deﬁned as
Wk2[0,1] =
{
u ∈ L2: u(m) ∈ L2 for all 1m k},
where u(m) denotes the distributional derivative of u of order m. The norm of an element u ∈ Wk2[0,1] is deﬁned as
‖u‖W =
k∑
m=0
∥∥u(m)∥∥2.
By
◦
Wk2[0,1] we will denote the subset of Wk2[0,1] consisting of all functions vanishing at the end-points of [0,1], i.e.,
◦
Wk2[0,1] =
{
u ∈ Wk2[0,1]: u(0) = u(1) = 0
}
.
Let us recall (see, e.g., [8]) that according to the Sobolev embedding theorem the space Wk2[0,1] is compactly embedded
into C .
Deﬁne a continuous integral operator j :L2 → C by
( j f )(t) =
1∫
0
G(t, s) f (s)ds,
where
G(t, s) =
{
t(s − 1) if 0 t  s,
s(t − 1) if s t  1.
Notice that the operator j in fact acts into
◦
W 22[0,1] and, for any f ∈ L2, the boundary value problem
u′′(t) = f (t) for a.e. t ∈ [0,1],
u(0) = u(1) = 0
may be written in the form: u = j f (see, e.g., [16, Chapter XII, Sec. 4]). By applying the Arzela–Ascoli theorem, it is easy to
see also that the operator j transforms bounded sets into relatively compact ones.
In this section we will consider the existence of solutions to the following boundary value problem for the operator-
differential inclusion
u′′ ∈ Q (u),
u(0) = u(1) = 0, (3.1)
where Q :C → C(L2) is a multimap satisfying the following conditions:
(Q 1) the composition j ◦ Q belongs to the class C J (C,C);
(Q 2) there are constants p,q > 0 such that∥∥Q (u)∥∥2  q(1+ ‖u‖p2)
for all u ∈ C , where∥∥Q (u)∥∥2 = sup{‖ f ‖2: f ∈ Q (u)}.
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u′′(t) = f (t) for a.e. t ∈ [0,1].
Remark 1. Let us mention that the class of multimaps Q satisfying condition (Q 1) is large enough. For example, for every
C J -multimap Q the multimap j ◦ Q is a C J -multimap. Moreover, there are multimaps Q which are not C J -multimaps
while j ◦ Q are C J -multimaps. For example, let F : [0,1] ×R→ K v(R) be a multimap satisfying the following conditions:
(F1) for every y ∈R the multifunction F (·, y) : [0,1] → K v(R) has a measurable selection;
(F2) for a.e. t ∈ [0,1] the multimap F (t, ·) :R→ K v(R) is upper semicontinuous;
(F3) for every bounded subset Ω ⊂R there is a function γΩ ∈ L2 such that∣∣F (t, y)∣∣ γΩ(t)
for all y ∈ Ω and a.e. t ∈ [0,1], where |F (t, y)| = max{|z|: z ∈ F (t, y)}.
It is well known that under conditions (F1)–(F3) the superposition multioperator
PF :C L2,
PF (x) =
{
f ∈ L2: f (s) ∈ F (s, x(s)) for a.e. s ∈ [0,1]},
is well deﬁned, it is closed and has convex closed values (see, e.g., [6,19]).
Set Q :C → Cv(L2), Q (x) = PF (x). From Theorem 1.5.30 [6] it follows that the multimap j ◦ Q is closed. By virtue
of (F3), for every bounded subset U ⊂ C the set Q (U ) is bounded in L2, therefore the set j(Q (U )) is a relatively compact
set in C . Hence, j ◦ Q is a u.s.c. multimap with compact convex values and so, it belongs to the class J (C,C) ⊂ C J (C,C).
The main result of this section is the following assertion.
Theorem 1. Let conditions (Q 1)–(Q 2) hold. Assume that there exists N > 0 such that for every u ∈ C , ‖u‖2 > N, the following
relation holds
〈u, f 〉 > 0 for all f ∈ Q (u).
Then problem (3.1) has a solution.
Proof. Problem (3.1) can be substituted by the following inclusion
u ∈ j ◦ Q (u).
From (Q 1) it follows that the multioperator j ◦ Q :C → K (C) is upper semicontinuous. Now let Ω ⊂ C be a bounded subset.
Condition (Q 2) implies that the set Q (Ω) is bounded in L2. Therefore, the set j ◦ Q (Ω) is a relatively compact in C . Thus,
j ◦ Q is a completely continuous multioperator.
Assume that there exists u∗ ∈ C , such that u∗ ∈ j ◦ Q (u∗). Notice that then u∗(0) = u∗(1) = 0. Then there is f∗ ∈ Q (u∗)
such that u′′∗(t) = f∗(t) for a.e. t ∈ [0,1], and hence
〈 f∗,u∗〉 =
〈
u′′∗,u∗
〉= −〈u′∗,u′∗〉 0.
Therefore, ‖u∗‖2  N .
For every t ∈ [0,1], we have
∣∣u∗(t)∣∣ 1∫
0
∣∣G(t, s)∣∣∣∣ f∗(s)∣∣ds 1∫
0
∣∣ f∗(s)∣∣ds ‖ f∗‖2.
From (Q 2) it follows that for every t ∈ [0,1]∣∣u∗(t)∣∣ ‖ f∗‖2  ∥∥Q (u∗)∥∥2  q(1+ Np),
hence, ‖u∗‖C  q(1+ Np).
Now set R = qNp + q + 1. Consider the multimap Ψ : BC(0, R)× [0,1] → K (C),
Ψ (u, λ) = j ◦ ((1− λ)δu + λQ (u)),
where 0< δ < 1N is an arbitrary number.
Let us show that Ψ is a completely continuous C J -multimap. In fact, from condition (Q 1) it follows that we may
represent the multimap j ◦ Q as ϕ ◦ F ∈ C J (C,C), where F :C → K (Y ) is a J -multimap from C to some metric space Y and
ϕ : Y → C is a continuous map. Deﬁne the multimap
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F˜ (u, λ) = {u} × F (u)× {λ},
and a map
ϕ˜ :C × Y ×R→ K (C),
ϕ˜(u, v, λ) = δ(1− λ) ju + λϕ(v).
It is clear that F˜ is a J -multimap, ϕ˜ is a continuous map and for every (u, λ) ∈ BC(0, R) × [0,1] we have Ψ (u, λ) =
ϕ˜ ◦ F˜ (u, λ). So, Ψ is a C J -multimap. Further, for every bounded subset Ω ⊂ C the sets j ◦ Q (Ω) and j(Ω) are relatively
compact in C , therefore Ψ (Ω × [0,1]) is a relatively compact set in C , too. So, the multimap Ψ is completely continuous.
Now, we will show that Ψ has no ﬁxed points on ∂BC(0, R)× [0,1]. To the contrary, assume that there exists (u∗, λ∗) ∈
∂BC(0, R)× [0,1] such that u∗ ∈ Ψ (u∗, λ∗). Then there is a function f∗ ∈ Q (u∗) such that
u∗(t) =
1∫
0
G(t, s)
(
(1− λ∗)δu∗(s)+ λ∗ f∗(s)
)
ds, ∀t ∈ [0,1], (3.2)
or equivalently,{
u′′∗(t) = (1− λ∗)δu∗(t)+ λ∗ f∗(t) for a.e. t ∈ [0,1],
u∗(0) = u∗(1) = 0.
(3.3)
Assume that ‖u∗‖2  N . Then from (3.2) we have∣∣u∗(t)∣∣ δ(1− λ∗)‖u∗‖2 + λ∗‖ f∗‖2  δ(1− λ∗)N + λ∗q(1+ Np)< R,
for all t ∈ [0,1]. Hence u∗ /∈ ∂BC(0, R), that is a contradiction. Therefore, ‖u∗‖2 > N . From (3.3) it follows that〈
u′′∗,u∗
〉= δ(1− λ∗)〈u∗,u∗〉 + λ∗〈u∗, f∗〉 > 0,
giving a contradiction.
Thus, Ψ is a homotopy joining Ψ (·,0) = δ j ◦ i and Ψ (·,1) = j ◦ Q , where i denotes the inclusion map. By virtue of the
homotopic invariance property of the topological degree we have
deg
(
i − j ◦ Q , BC(0, R)
)= deg(i − δ j ◦ i, BC(0, R)).
For a suﬃciently small δ > 0 we have∥∥u − (u − δ ju)∥∥C = δ‖ ju‖C < ‖u‖C
for all u ∈ ∂BC(0, R).
Then the vector ﬁelds i and i − δ j ◦ i are homotopic on ∂BC(0, R), so
deg
(
i − j ◦ Q , BC(0, R)
)= deg(i − δ j ◦ i, BC(0, R))= deg(i, BC(0, R))= 1.
Hence problem (3.1) has a solution u ∈ BC(0, R). 
Now we can formulate the above result in terms of the guiding functions. Notice that for every continuous function
V :R→R the following map
V  :C → L2, V (u)(t) = V (u(t)),
is continuous.
Deﬁnition 5. (See [13,18].) A continuous function V :R→R is said to be an integral guiding function for problem (3.1), if:
(V 1) there are α  0 and β > 0 such that∣∣V (t)∣∣ α + β|t|, ∀t ∈R;
(V 2) there exists N > 0 such that for every u ∈ C , ‖u‖2 > N , the following relation holds:〈
V (u), f
〉
> 0 for all f ∈ Q (u);
(V 3) for every u ∈ ◦W 22[0,1], from ‖u‖2 > N it follows that〈
u′′, V (u)
〉
 0,
where N is the same constant as in (V 2).
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(3.1) has a solution.
Proof. Set R = qNp + q + 1 and consider the multimap
Ψ : BC(0, R)× [0,1] → K (C),
Ψ (u, λ) = j ◦ ((1− λ)δV (u)+ λQ (u)),
where δ, 0< δ < 1α+βN is an arbitrary number, with N being the number in (V 2).
Similarly as in the proof of Theorem 1, one can verify that Ψ is a C J -multimap. Let Ω ⊂ C be a bounded subset. From
(Q 2) and (V 1) it follows that the sets Q (Ω) and V (Ω) are bounded in L2. Since the operator j is completely continuous,
the sets j ◦ Q (Ω) and j ◦ V (Ω) are relatively compact in C . Hence the set Ψ (Ω × [0,1]) is relatively compact in C . Thus,
Ψ is a completely continuous C J -multimap.
Let us show that Ψ has no ﬁxed points on ∂BC(0, R)×[0,1]. To the contrary, assume that there is (u∗, λ∗) ∈ ∂BC(0, R)×
[0,1] such that u∗ ∈ Ψ (u∗, λ∗). Then there is a function f∗ ∈ Q (u∗) such that
u∗(t) =
1∫
0
G(t, s)
(
(1− λ∗)δV
(
u∗(s)
)+ λ∗ f∗(s))ds, ∀t ∈ [0,1], (3.4)
or equivalently,{
u′′∗(t) = (1− λ∗)δV
(
u∗(t)
)+ λ∗ f∗(t) for a.e. t ∈ [0,1],
u∗(0) = u∗(1) = 0.
(3.5)
Assume that ‖u∗‖2  N . Then from (Q 2), (V 1) and (3.4) we have
∣∣u∗(t)∣∣ δ(1− λ∗) 1∫
0
∣∣V (u∗(t))∣∣dt + λ∗ 1∫
0
∣∣ f∗(t)∣∣dt
 δ(1− λ∗)
1∫
0
(
α + β∣∣u∗(t)∣∣)dt + λ∗‖ f∗‖2
 δ(1− λ∗)
(
α + β‖u∗‖2
)+ λ∗q(1+ Np) δ(α + βN)+ q(1+ Np)< R,
for all t ∈ [0,1]. Hence u∗ /∈ ∂BC(0, R), that is a contradiction. Therefore, ‖u∗‖2 > N . Notice that u∗ ∈
◦
W 22[0,1] ⊂ C , then
from (V 2)–(V 3) and (3.5) it follows that〈
u′′∗, V (u∗)
〉= δ(1− λ∗)〈V (u∗), V (u∗)〉+ λ∗〈V (u∗), f∗〉> 0,
giving a contradiction.
So, we again obtain that Ψ is a homotopy and for suﬃciently small δ > 0 we have
deg
(
i − j ◦ Q , BC(0, R)
)= deg(i − δ j ◦ V , BC(0, R))= deg(i, BC(0, R))= 1.
Thus problem (3.1) has a solution. 
4. Applications
4.1. Feedback control system
We consider a feedback control system of the form⎧⎪⎨⎪⎩
u′′(t)− λu(t) = f (t,u(t), v(t)) for a.e. t ∈ [0,1],
v ′(t) ∈ G(t, v(t),u(t)) for a.e. t ∈ [0,1],
u(0) = u(1) = 0, v(0) = v0,
(4.1)
where v0 ∈R, λ > 0, the map f : [0,1]×R2 →R and the multimap G : [0,1]×R2 → K v(R) satisfy the following conditions:
( f 1) for every (x, y) ∈R2 the function f (·, x, y) : [0,1] →R is measurable;
( f 2) for a.e. t ∈ [0,1] the map f (t, ·,·) :R2 →R is continuous;
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for all (x, y) ∈R2 and a.e. t ∈ [0,1];
(G1) for every (x, y) ∈R2 the multifunction G(·, x, y) : [0,1] → K v(R) has a measurable selection;
(G2) for a.e. t ∈ [0,1] the multimap G(t, ·,·) :R2 → K v(R) is u.s.c.;
(G3) the multimap G is uniformly continuous with respect to the third argument in the sense: for every ε > 0 there is
δ > 0 such that
G(t, x, y¯) ⊂ O ε
(
G(t, x, y)
) ∀(t, x) ∈ [0,1] ×R
whenever | y¯ − y| < δ;
(G4) there is β > 0 such that∥∥G(t, x, y)∥∥ β(1+ |x| + |y|)
for all (x, y) ∈R2 and a.e. t ∈ [0,1], where∥∥G(t, x, y)∥∥= max{|z|: z ∈ G(t, x, y)}.
For a given function u ∈ C deﬁne the multimap
Gu : [0,1] ×R→ K v(R), Gu(t, x) = G
(
t, x,u(t)
)
.
By virtue of Theorem 1.3.5 [19] for each x ∈R the multifunction Gu(·, x) has a measurable selection. Further, from conditions
(G2) and (G3) it follows that for a.e. t ∈ [0,1] the multimap Gu(t, x) upper semicontinuously depends on (u, x). We have
the following assertion (see, e.g., [14,19]): for each u ∈ C the set Πu of all solutions of the following problem{
v ′(t) ∈ G(t, v(t),u(t)) for a.e. t ∈ [0,1],
v(0) = v0
is an Rδ-set in C and the multimap
Π :C → K (C), Π(u) = Πu,
is upper semicontinuous.
By a solution to problem (4.1) we mean a function u ∈ ◦W 22[0,1] such that there is an absolutely function v ∈ Π(u)
satisfying
u′′(t)− λu(t) = f (t,u(t), v(t)) for a.e. t ∈ [0,1].
In what follows, we need the following assertion.
Lemma 1 (Gronwall’s Lemma). (See, e.g., [16].) Let u, v : [a,b] →R be continuous nonnegative functions and C  0 be a constant and
v(t) C +
t∫
a
u(s)v(s)ds, a t  b.
Then
v(t) Ce
∫ t
a u(s)ds, a t  b.
Theorem 3. Let conditions ( f 1)–( f 3) and (G1)–(G4) hold. Then for each
λ > α
(
1+ βeβ)
the feedback control system (4.1) has a solution.
Proof. Let Π˜ :C → K (C × C)
Π˜(u) = {u} ×Π(u),
and f˜ :C × C → L2,
f˜ (u, v)(t) = λu(t)+ f (t,u(t), v(t)), t ∈ [0,1].
Then we can substitute the feedback control system (4.1) by the following problem
Lu ∈ Q (u), (4.2)
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◦
W 22[0,1] → L2, Lu = u′′ and Q :C → K (L2),
Q (u) = f˜ ◦ Π˜(u).
From the continuity of the operator f˜ and Π˜ ∈ J (C,C × C) it follows that j ◦ Q ∈ C J (C,C).
Now letting g ∈ Q (u) there exists v ∈ Π(u) such that
g(s) = f˜ (u, v)(s) = λu(s)+ f (s,u(s), v(s)), ∀s ∈ [0,1].
From v ∈ Π(u) it follows that there is a function h ∈ L1[0,1] such that
h(t) ∈ G(t, v(t),u(t)) for a.e. t ∈ [0,1],
and
v(t) = v0 +
t∫
0
h(s)ds, 0 t  1.
From (G4) it follows that for every t ∈ [0,1] the following relations hold
∣∣v(t)∣∣ |v0| + t∫
0
∣∣h(s)∣∣ds |v0| + t∫
0
β
(
1+ ∣∣v(s)∣∣+ ∣∣u(s)∣∣)ds
 |v0| + β + β‖u‖2 +
t∫
0
β
∣∣v(s)∣∣ds.
By virtue of Lemma 1 we obtain∣∣v(t)∣∣ (|v0| + β + β‖u‖2)eβ, ∀t ∈ [0,1].
Applying ( f 3) we have
‖g‖22 =
1∫
0
g2(s)ds =
1∫
0
(
λu(s)+ f (s,u(s), v(s)))2 ds

1∫
0
(
λ2 + 1)(u2(s)+ f 2(s,u(s), v(s)))ds

(
λ2 + 1)(‖u‖22 +
1∫
0
α2
(
1+ ∣∣u(s)∣∣+ ∣∣v(s)∣∣)2 ds)

(
λ2 + 1)(‖u‖22 +
1∫
0
3α2
(
1+ u2(s)+ v2(s))ds)

(
λ2 + 1)((1+ 3α2)‖u‖22 + 3α2 + 3α2(|v0| + β + β‖u‖2)2e2β).
Therefore, the multimap Q satisﬁes condition (Q 2).
Now for every u ∈ C , choosing an arbitrary g ∈ Q (u), we have that
〈g,u〉 =
1∫
0
u(s)
(
λu(s)+ f (s,u(s), v(s)))ds
 λ‖u‖22 −
1∫
0
∣∣ f (s,u(s), v(s))∣∣∣∣u(s)∣∣ds
 λ‖u‖22 − α
1∫ ∣∣u(s)∣∣(1+ ∣∣u(s)∣∣+ ∣∣v(s)∣∣)ds
0
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 (λ− α)‖u‖22 − α
1∫
0
∣∣u(s)∣∣ds − αeβ(|v0| + β + β‖u‖2) 1∫
0
∣∣u(s)∣∣ds

(
λ− α − αβeβ)‖u‖22 − α(1+ eβ(|v0| + β))‖u‖2 > 0
provided
‖u‖2 >
α(1+ eβ(|v0| + β))
λ− α(1+ βeβ) .
By virtue of Theorem 1 problem (4.2) has a solution, and hence the feedback control system (4.1) has a solution. 
4.2. A model of a motion of a particle in a 1-dimensional potential
It is well known that for a single particle in a 1-dimensional potential energy V , the time-independent Schrödinger
equation takes the form:
−h¯2
2m
Ψ ′′(x)+ V (x)Ψ (x) = EΨ (x), (4.3)
where m is the particle’s mass, h¯ – the reduced Planck constant, E – the total energy of the particle, V (x) is the potential
energy at the position x and Ψ (x) is the wave function.
Here we consider the case when the potential energy V (x) has a form:
V (x) =
{
V , 0 x 1,
0, otherwise,
(4.4)
where V is a constant (see Fig. 1).
In this case, Eq. (4.3) must be solved in three regions:
I (x< 0), II (0 x 1) and III (x> 1).
The corresponding solutions of Eq. (4.3) in the ﬁrst and third regions are
ΨI (x) = A sinkx+ B coskx and ΨIII(x) = C sinkx+ D coskx,
where k =
√
2mE
h¯ and A, B,C, D are constants.
So now we focus our attention on solving Eq. (4.3) in the second region. In this region the Schrödinger equation has the
form:
Ψ ′′II (x) =
2m
h¯2
VΨII(x)− 2m
h¯2
EΨII(x). (4.5)
We assume that the potential V is connected with the wave function ΨII by the following relation:
V ∈ F (ΨII), (4.6)
where F :L2 → K (R+) is a J -multimap, R+ = [0,+∞).
From the continuity of Ψ it follows that in region II the boundary conditions for Eq. (4.5) are:
ΨII(0) = ΨI (0) = B and ΨII(1) = ΨIII(1) = C sink + D cosk. (4.7)
By a solution of problem (4.5)–(4.7) we mean a function ΨII ∈ W 22 [0,1] for which there exists V ∈ F (ΨII) such that
Eq. (4.5) and condition (4.7) hold true.
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F (u) ⊆ [a‖u‖2,b(1+ ‖u‖2)] for all u ∈ L2.
Then problem (4.5)–(4.7) has a solution.
Proof. Set α = B , β = C sink + D cosk and g(x) = βx+ α(1− x). For every x ∈ [0,1] let ϕ(x) = ΨII(x) − g(x). Then problem
(4.5)–(4.7) can be replaced with the following system⎧⎪⎪⎨⎪⎪⎩
ϕ′′(x) = 2m
h¯2
V
(
ϕ(x)+ g(x))− 2m
h¯2
E
(
ϕ(x)+ g(x)),
V ∈ F (ϕ + g),
ϕ(0) = ϕ(1) = 0,
or equivalently,
ϕ ∈ j ◦ Q (ϕ), (4.8)
where
Q (ϕ) = 2m
h¯2
(ϕ + g)F (ϕ + g)− 2m
h¯2
E(ϕ + g),
and the operator j is deﬁned as in Section 3.
It is easy to see that the multimap Q satisﬁes conditions (Q 1)–(Q 2). For every w ∈ Q (ϕ) there is V ∈ F (ϕ + g) such
that
w = 2m
h¯2
(V − E)ϕ + 2m
h¯2
(V − E)g.
We have
〈ϕ,w〉 = 2m
h¯2
(V − E)‖ϕ‖22 +
2m
h¯2
(V − E)〈g,ϕ〉
 2m
h¯2
(
a‖ϕ + g‖2 − E
)‖ϕ‖22 − 2m
h¯2
V ‖g‖2‖ϕ‖2 −
2m
h¯2
E‖g‖2‖ϕ‖2
 2m
h¯2
(
a‖ϕ‖2 − a‖g‖2 − E
)‖ϕ‖22 − 2m
h¯2
(
b + b‖ϕ‖2 + b‖g‖2
)‖g‖2‖ϕ‖2 − 2m
h¯2
E‖g‖2‖ϕ‖2.
Therefore
〈ϕ,w〉 2m
h¯2
a‖ϕ‖32 −
2m
h¯2
(
a‖g‖2 + E + b‖g‖2
)‖ϕ‖22 − 2m
h¯2
‖g‖2
(
b + b‖g‖2 + E
)‖ϕ‖2 > 0
for suﬃciently large ‖ϕ‖2.
From Theorem 1 it follows that inclusion (4.8) is solvable, and hence problem (4.5)–(4.7) has a solution. 
5. Generalization to the case of an inﬁnite-dimensional Hilbert space
Let H be a real inﬁnite-dimensional Hilbert space with an orthonormal basis {en}∞n=1. For every n ∈ N, let Hn be an
n-dimensional subspace H with basis {ek}nk=1 and Pn be the projection onto Hn . By 〈x, y〉H we denote the inner product of
elements x, y ∈ H . Set I = [0,1] and denote by C(I, H) [L2(I, H)] the collection of all continuous [resp., square summable]
functions u : I → H . The symbol 〈 f , g〉L denotes the inner product of elements f , g ∈ L2(I, H). A ball of radius r centered
at 0 in C(I, H) is denoted by BC (0, r). As in Section 3, we will consider the Sobolev space Wk2(I, H) and its subspace◦
Wk2(I, H). Notice that for every k  1 the embedding Wk2(I, H) ↪→ C(I, H) is continuous (but not compact). The weak
convergence in Wk2(I, H) [L2(I, H)] is denoted by un
Wk2−⇀ u0 [resp., fn L−⇀ f0].
For every n ∈N let Jn : L2(I, H) → C(I, Hn) be the operator deﬁned by
Jn( f )(t) =
n∑
k=1
( 1∫
0
G(t, s) f(k)(s)ds
)
ek,
where the function G(t, s) is deﬁned as in Section 3 and
f (t) =
∞∑
f(k)(t)ek, for all t ∈ I.
k=1
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∥∥Jn( f )(t)∥∥Hn =
(
n∑
k=1
( 1∫
0
G(t, s) f(k)(s)ds
)2) 12

(
n∑
k=1
1∫
0
G2(t, s)ds
1∫
0
f 2(k)(s)ds
) 1
2

( 1∫
0
n∑
k=1
f 2(k)(s)ds
) 1
2

( 1∫
0
∥∥ f (s)∥∥2H ds
) 1
2
= ‖ f ‖2. (5.1)
For n ∈N, deﬁne the projection Pn : L2(I, H) → L2(I, Hn) generated by Pn as
(Pn f )(t) = Pn f (t) for a.e. t ∈ I.
Consider now the following operator-differential inclusion
u′′ ∈ Q (u),
u(0) = u(1) = 0, (5.2)
where the multimap Q :C(I, H) → C(L2(I, H)) satisﬁes the following conditions:
(Q 1)′ for each m ∈N the restriction (Jm ◦ Q )|C(I,Hm) belongs to C J (C(I, Hm);C(I, Hm));
(Q 2)′ there are constants p1,q1 > 0 such that∥∥Q (u)∥∥2  q1(1+ ‖u‖p12 )
for all u ∈ C(I, H);
(Q 3) for every bounded closed subset M ⊂ ◦W 22(I, H), if there exist the sequences {nk} and {uk}, uk ∈ M ∩
◦
W 22(I, Hnk ) such
that
u′′k ∈ Pnk Q (uk),
then there is u∗ ∈ M such that u′′∗ ∈ Q (u∗).
By a solution to problem (5.2) we mean a function u ∈ ◦W 22(I, H) such that there is a function f ∈ Q (u) and
u′′(t) = f (t) for a.e. t ∈ [0,1].
Theorem 5. Let conditions (Q 1)′–(Q 2)′ and (Q 3) hold. Assume that there exists N > 0 such that for every u ∈ C(I, H), ‖u‖2 > N,
the following relation holds:
〈u, f 〉L > 0, for all f ∈ Q (u). (5.3)
Then problem (5.2) has a solution.
Proof. For each n ∈N, consider the auxiliary problem
u′′ ∈ PnQ (u),
u(0) = u(1) = 0.
It is clear that this problem is equivalent to the following ﬁxed point problem
u ∈ Σn(u), (5.4)
where Σn :C(I, Hn) → K (C(I, Hn)), Σn(u) = Jn ◦ Q (u).
From (Q 1)′–(Q 2)′ if follows that Σn is a completely continuous C J -multimap.
Assume that u ∈ C(I, Hn) is a solution of inclusion (5.4). Then there is f ∈ Q (u) such that
u′′(t) = Pn f (t) for a.e. t ∈ I.
We have
〈u, f 〉L = 〈u,Pn f 〉L =
〈
u,u′′
〉
 0.L
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‖u‖C = max
t∈I
∥∥u(t)∥∥H  q(1+ Np).
Now set R = qNp + q + 1 and deﬁne a multimap
Ψn : B
(n)
C (0, R)× [0,1] → K
(
C(I, Hn)
)
,
Ψn(u, λ) = Jn ◦
(
δ(1− λ)u + λQ (u)),
where 0< δ < 1N and B
(n)
C (0, R) = BC (0, R)∩ C(I, Hn).
By following the method given in the proof of Theorem 1, one can obtain that Ψn is a completely continuous C J -
multimap which has no ﬁxed points on ∂B(n)C (0, R)× [0,1]. Then for suﬃciently small δ we have
deg
(
i − Jn ◦ Q , B(n)C (0, R)
)= deg(i − δJn ◦ i, B(n)C (0, R))= deg(i, B(n)C (0, R))= 1.
Therefore, there is un ∈ BC (0, R) ∩ ◦W 22(I, Hn) such that u′′n = PnQ (un). By virtue of (Q 3) there exists u∗ ∈ BC (0, R) ∩◦
W 22(I, H) such that u
′′∗ ∈ Q (u∗). The function u∗ is a solution of problem (5.2). 
As an example, setting Y = C[0,h] and H = W 12 [0,h] (h > 0), we can consider the following feedback control system⎧⎪⎨⎪⎩
w ′′(t) = f (t,w(t),ϕ(t)) for a.e. t ∈ [0,1],
ϕ′(t) ∈ G(t,ϕ(t),w(t)) for a.e. t ∈ [0,1],
w(0) = w(1) = 0, ϕ(0) = 0,
(5.5)
where f : I × Y × Y → Y is a continuous map and G : I × Y × Y → Cv(H) is a multimap.
Assume that the map f and the multimap G satisfy the following conditions:
( f 1)′ the restriction f |I×H×Y takes values in H ;
( f 2)′ for every (y, z) ∈ Y × Y the function f (·, y, z) : I → Y is measurable;
( f 3)′ for a.e. t ∈ I the map f (t, ·,·) : Y × Y → Y is continuous;
( f 4)′ there is c > 0 such that∥∥ f (t, y, z)∥∥H  c(1+ ‖y‖H + ‖z‖Y ),
for all (y, z) ∈ H × Y and a.e. t ∈ I;
(G1)′ for each (y, z) ∈ Y × Y the multifunction G(·, y, z) : I → Cv(H) has a measurable selection;
(G2)′ for every t ∈ I the multimap G(t, ·,·) : Y × Y → Cv(H) is u.s.c.;
(G3)′ the multimap G is uniformly continuous with respect to the third argument in the following sense: for every ε > 0
there is δ > 0 such that
G(t, y, z¯) ⊂ O ε
(
G(t, y, z)
)
, ∀(t, y) ∈ I × Y
provided ‖z¯ − z‖ < δ;
(G4)′ there is d> 0 such that∥∥G(t, y, z)∥∥H  d(1+ ‖y‖Y + ‖z‖Y )
for all (t, y, z) ∈ I × Y × Y .
By a solution to problem (5.5) we mean a function w ∈ ◦W 22(I, H) such that there exists ϕ ∈ W 12 (I, H) with
ϕ′(t) ∈ G(t,ϕ(t),w(t)) for a.e. t ∈ I,
ϕ(0) = 0,
and
w ′′(t) = f (t,w(t),ϕ(t)) for a.e. t ∈ I.
We will need the following assertion.
Lemma 2. (See Theorem 70.12 [14].) Let E be a separable Banach space andΦ : I × E → K v(E) be a multimap satisfying the following
conditions:
(Φ1) for each y ∈ E the multifunction Φ(·, y) has a measurable selection;
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(Φ3) the set Φ(A) is compact for every compact subset A ⊂ I × E;
(Φ4) there is ω ∈ L+2 [0,1] such that∥∥Φ(t, y)∥∥E ω(t)(1+ ‖y‖E),
for all (t, y) ∈ I × E.
Then the set of all solutions to the following problem{
g′(t) ∈ Φ(t, g(t)), t ∈ I,
g(0) = g0 ∈ E,
is an Rδ-set in C(I, E).
Theorem 6. Let conditions ( f 1)′–( f 4)′ and (G1)′–(G4)′ hold. Then problem (5.5) can be represented as problem (5.2)with conditions
(Q 1)′–(Q 2)′ and (Q 3).
Proof. Let us mention that Y is a separable space and the embedding H ↪→ Y is compact. From (G4)′ it follows that for
every (t, y, z) ∈ I × Y × Y the set G(t, y, z) is bounded in H , and hence it is a compact set in Y .
For a given function w ∈ C(I, H) consider the following multimap
Gw : I × Y → K v(Y ), Gw(t, y) = G
(
t, y,w(t)
)
.
It is easy to verify that Gw satisﬁes conditions (Φ1)− (Φ4). Notice that (Φ4) follows from (G4)′ and the fact that for every
y ∈ H the following relation holds:
‖y‖Y max
{√
h,
1√
h
}
‖y‖H .
So we obtain that for every w ∈ C(I, H) the set Πw of all solutions to the following problem{
ϕ′(t) ∈ G(t,ϕ(t),w(t)), t ∈ I,
ϕ(0) = 0
is an Rδ-set in C(I, Y ). Deﬁne the multimap
Π :C(I, H) → K (C(I, Y )), Π(w) = Πw .
From Theorem 5.2.5 [19] it follows that the multimap Π is upper semicontinuous.
Now set Π˜ :C(I, H) → K (C(I, H)× C(I, Y ))
Π˜(w) = {w} ×Π(w),
and f˜ :C(I, H)× C(I, Y ) → L2(I, H),
f˜ (w,ϕ)(t) = f (t,w(t),ϕ(t)).
Then problem (5.5) can be written in the form
w ′′ ∈ Q (w),
w(0) = w(1) = 0,
where Q :C(I, H) → K (L2(I, H)), Q (w) = f˜ ◦ Π˜(w).
Now we will show that the multimap Q satisﬁes conditions (Q 1)′–(Q 2)′ and (Q 3).
In fact, from the continuity of f˜ and the fact that Π˜ belongs to J (C(I, H);C(I, H) × C(I, Y )) it follows that Q ∈
C J (C(I, H); L2(I, H)). So for every n ∈ N the restriction (Jn ◦ Q )|C(I,Hn) is in C J (C(I, Hn);C(I, Hn)). Hence, condition (Q 1)′
holds. Notice that condition (Q 2)′ immediately follows from ( f 4)′ , (G4)′ and Lemma 1.
Let us verify now the condition (Q 3). Let M ⊂ ◦W 22(I, H) be a bounded closed subset and assume that there are {nk} and
{wk}, wk ∈ M ∩
◦
W 22(I, Hnk ), such that
w ′′k ∈ Pnk Q (wk).
The set {wk}∞k=1 is bounded, so it is weakly compact. W.l.o.g. assume that
wk
W 22−⇀ w0 ∈ M.
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L−⇀ w ′′0 and wk(t)
H−⇀ w0(t) for every t ∈ I . From the compactness of the embedding H ↪→ Y it follows that
wk(t)
Y−→ w0(t), (5.6)
for every t ∈ I .
Set hk ∈ Q (wk), such that
w ′′k = Pnkhk.
From (Q 2)′ it follows that the set {Q (wk)}∞k=1 is bounded, hence the set {hk}∞k=1 is bounded in L2(I, H), and therefore it is
weakly compact. W.l.o.g. assume that
hk
L−⇀ h0 ∈ L2(I, H).
Now we will show that Pnkhk
L−⇀ h0. At ﬁrst we claim that
lim
n→∞Pnh0 = h0.
Indeed, since
L2(I, H) =
∞⋃
n=1
L2(I, Hn),
there are sequences {n˜m}∞m=1 ⊂N and {h˜m}∞m=1, h˜m ∈ L2(I, Hn˜m ) such that h˜m → h0. We have
‖Pn˜mh0 − h0‖2  ‖Pn˜mh0 − Pn˜m h˜m‖2 + ‖Pn˜m h˜m − h0‖2
 2‖h˜m − h0‖2 → 0 providedm → ∞.
Further, for n> n˜m
‖Pnh0 − Pn˜mh0‖2 = ‖Pnh0 − PnPn˜mh0‖2  ‖h0 − Pn˜mh0‖2,
and hence
‖Pnh0 − h0‖2  ‖Pnh0 − Pn˜mh0‖2 + ‖Pn˜mh0 − h0‖2
 2‖h0 − Pn˜mh0‖2.
Therefore
lim
n→∞Pnh0 = h0.
For all g ∈ L2(I, H) we have
〈Pnkhk − h0, g〉L = 〈Pnkhk − Pnkh0, g〉L + 〈Pnkh0 − h0, g〉L
= 〈hk − h0,Pnk g〉L + 〈Pnkh0 − h0, g〉L
= 〈hk − h0, g〉L + 〈hk − h0,Pnk g − g〉L + 〈Pnkh0 − h0, g〉L .
Thus
lim
k→∞
〈Pnkhk − h0, g〉L = 0.
On the other hand
Pnkhk = w ′′k
L−⇀ w ′′0.
So we obtain that w ′′0 = h0, i.e., hk
L−⇀ w ′′0.
From hk ∈ Q (wk) it follows that there is a sequence {ϕk}∞k=1, ϕk ∈ Π(wk), such that
hk(t) = f
(
t,wk(t),ϕk(t)
)
for a.e. t ∈ I. (5.7)
Set Ŵ 12 (I, H) = {u ∈ W 12 (I, H): u(0) = 0}. It is clear that Ŵ 12 (I, H) is a subspace of W 12 (I, H). The set {ϕk}∞k=1 is bounded in
Ŵ 12 (I, H) and so it is weakly compact. W.l.o.g. assume that
ϕk
W 12−⇀ϕ0 ∈ Ŵ 1(I, H).2
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ϕ′k
L−⇀ϕ′0, and ϕk(t) Y−→ ϕ0(t), for every t ∈ I. (5.8)
From ϕk ∈ Π(wk) it follows that there is {gk}∞k=1 ⊂ L2(I, H) such that
gk(t) ∈ G
(
t,ϕk(t),wk(t)
)
for a.e. t ∈ I,
and
ϕ′k(t) = gk(t) for a.e. t ∈ I.
So gk
L−⇀ϕ′0. By virtue of Mazur’s Lemma (see, e.g., [10]) there are sequences of convex combinations {gˆm} and {hˆm}
gˆm =
∞∑
k=m
λmkgk, λmk  0 and
∞∑
k=m
λmk = 1,
hˆm =
∞∑
k=m
λ˜mkhk, λ˜mk  0 and
∞∑
k=m
λ˜mk = 1,
which converge in L2(I, H) to ϕ′0 and w ′′0, respectively. Applying Theorem 38 [25] we again can assume w.l.o.g. that
gˆm(t)
H−→ ϕ′0(t) and hˆm(t) H−→ w ′′0(t) (5.9)
for a.e. t ∈ I .
From (5.6), (5.8) and (G2)′ it follows that for every t ∈ I and ε > 0 there is i0 = i0(ε, t) such that
G
(
t,ϕi(t),wi(t)
)⊂ O Hε (G(t,ϕ0(t),w0(t))), for all i  i0.
Then gi(t) ∈ O Hε (G(t,ϕ0(t),w0(y))) for all i  i0, and hence, from the convexity of the set O Hε (G(t,ϕ0(t),w0(t))) we have
gˆm(t) ∈ O Hε
(
G
(
t,ϕ0(t),w0(t)
))
, for allm i0.
Thus, ϕ′0(t) ∈ G(t,ϕ0(t),w0(t)) for a.e. t ∈ I , i.e., ϕ0 ∈ Π(w0).
Now from (5.6), (5.8) and ( f 3)′ we have
lim
k→∞
f
(
t,wk(t),ϕk(t)
)= f (t,w0(t),ϕ0(t))
for a.e. t ∈ I .
So for a.e. t ∈ I and ε > 0 there is τ0 = τ0(ε, t) such that
f
(
t,wτ (t),ϕτ (t)
) ∈ OYε ( f (t,w0(t),ϕ0(t))), for all τ  τ0.
From (5.7) and (5.9) we obtain
w ′′0(t) = f
(
t,w0(t),ϕ0(t)
)
for a.e. t ∈ I.
So condition (Q 3) holds. 
Now let the map f in (5.5) have the following form:
f
(
t,w(t),ϕ(t)
)= b + aw(t)+ fˆ (t,w(t),ϕ(t)),
where a> 0, b ∈R.
Theorem 7. Let conditions (G1)′–(G4)′ hold. Assume that the map
fˆ : I × Y × Y → H
satisﬁes conditions ( f 2)′–( f 4)′ and
( fˆ ) a> c(1+ dr2erd), where r = max{√h, 1√
h
} and c,d are constants from ( f 4)′ and (G4)′ , respectively.
Then problem (5.5) has a solution.
532 N. Van Loi, V. Obukhovskii / J. Math. Anal. Appl. 385 (2012) 517–533Proof. It is easy to see that the map f satisﬁes conditions ( f 1)′–( f 4)′ . And hence, from Theorem 6 it follows that the
multimap Q satisﬁes conditions (Q 1)′ and (Q 2)–(Q 3).
Now for every w ∈ ◦W 22(I, H), choose an arbitrary γ ∈ Q (w). Then there is a function ϕ ∈ Π(w) such that
γ = b + aw + f ∗(w,ϕ),
where f ∗(w,ϕ)(t) = fˆ (t,w(t),ϕ(t)) for t ∈ I .
From ϕ ∈ Π(w) it follows that there exists g ∈ L2(I, H) such that
g(t) ∈ G(t,ϕ(t),w(t)) for a.e. t ∈ I,
and
ϕ(t) =
t∫
0
g(s)ds t ∈ I.
Therefore
∥∥ϕ(t)∥∥H 
t∫
0
∥∥g(s)∥∥H ds d
t∫
0
(
1+ ∥∥ϕ(s)∥∥Y + ∥∥w(s)∥∥Y )ds
 d + dr
1∫
0
∥∥w(s)∥∥H ds +
t∫
0
rd
∥∥ϕ(s)∥∥H ds.
By virtue of Lemma 1 we obtain
∥∥ϕ(t)∥∥H 
(
d + dr
1∫
0
∥∥w(s)∥∥H ds
)
erd for all t ∈ I.
Notice that for every s ∈ I: u = w(s) and v = fˆ (s,w(s),ϕ(s)) are elements of H . We have〈
w(s),b + aw(s)+ fˆ (s,w(s),ϕ(s))〉H = 〈u,b + au + v〉H
=
h∫
0
a
(
u2(τ )+ u′2(τ ))dτ + b h∫
0
u(τ )dτ +
h∫
0
(
u(τ )v(τ )+ u′(τ )v ′(τ ))dτ
 a‖u‖2H − b
√
h‖u‖H − ‖u‖H‖v‖H .
So we obtain the following estimation
〈w, γ 〉L =
1∫
0
〈
w(s),b + aw(s)+ fˆ (s,w(s),ϕ(s))〉H ds

1∫
0
(
a
∥∥w(s)∥∥2H − |b|√h ∥∥w(s)∥∥H − ∥∥ fˆ (s,w(s),ϕ(s))∥∥H∥∥w(s)∥∥H)ds
 a‖w‖22 − |b|
√
h‖w‖2 −
1∫
0
∥∥w(s)∥∥Hc(1+ ∥∥w(s)∥∥H + ∥∥ϕ(s)∥∥Y )ds
 (a − c)‖w‖22 − (b
√
h + c)‖w‖2 − cr
1∫
0
∥∥w(s)∥∥H∥∥ϕ(s)∥∥H ds
 (a − c)‖w‖22 − (b
√
h + c)‖w‖2 − cr
(
d + dr
1∫
0
∥∥w(s)∥∥H ds
)
erd
1∫
0
∥∥w(s)∥∥H ds

(
a − c − cdr2erd)‖w‖2 − (b√h + c + cdrerd)‖w‖2 > 02
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‖w‖2 >
b
√
h + c + cdrerd
a − c − cdr2erd .
From Theorem 5 it follows that problem (5.5) has a solution. 
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